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ABSTRACT. Let BU denote the localization at an odd prime p of the
classifying space for stable complex bundles, and let f: BU — BU be an
H-map with fiber F. In this paper the Hopf algebra H*(F, Z/p) is com-
puted for any such f. For certain H-maps f of geometric interest the p-local
cohomology of F is given by means of the Bockstein spectral sequence. A
direct description of H*(F, Z,)) is also given for an important special case.
Applications to the classifying spaces of surgery will appear later.

0. Introduction. This paper presents a computation of the cohomology of
the fibers of maps f: BU — BU, where BU denotes the localization at a fixed
odd prime p of the classifying space for stable complex bundles, which
preserve the H-multiplication induced by Whitney sum of bundles. Using the
p-local H space equivalence BU =~ BO X Q’BO a computation of the
cohomology of the fibers of H-maps BO — BO is also obtained. In a
subsequent paper these results will be applied to a detailed study of certain
classifying spaces of surgery which arise in this fashion.

The viewpoint of this paper is motivated by a result of Adams that an H
map f: BU — BU is determined up to homotopy by the induced homomor-
phism fy: 7, (BU) — 7,(BU). If we write Z, for the integers localized at p
and define the characteristic sequence A = (A, A,, . . . ) of f by the condition
that f, is multiplication by A; € Z,, on 7,,(BU) = Z,), then in principle the
cohomology of the fiber can be completely described in terms of A. We thus
begin by studying the characteristic sequence, using as our main tool a
natural decomposition of Hopf algebras H*(BU, Z,)) = @ , prime 10 4r in
which 4 is a polynomial Hopf algebra on generators a¥, of degree 2np*,
k=01,....

THEOREM A. If f: BU — BU is an H-map with characteristic sequence \ and
ny = n, mod(p — 1), then p’*! divides N, ,; — \, .

Define the surplus sequence s(f) of f by s(f),, = ¥(A,,) — v(m) where »(x)
is the exponent of the highest power of p dividing x. An important step in the
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proof of Theorem A is the fact that if n is prime to p and j is minimal such
that s(f),,s < 0, then s(f),,++ = — k for all k > 0. Thus for any n prime to p
we may define §, = j if s(f),,s = 0 and §, = oo if no such J exists. For any
integer & > 0 let £° denote the Frobenius map x — x” and let £ be the
augmentation.

THEOREM B. Suppose f: BU — BU is an H-map with fiber F and index §,
defined as above. There is an isomorphism of Hopf algebras

H*(F,Z/p)= @ E{oa}|0<,<8,)®(A4r//t%Ar®ZL/p)
n prime to p
in which o: HY(BU,Z/p)— HY \(F,Z/p) is the cohomology suspension.
Moreover, the map induced on cohomology by F — BU is given by the natural
projections A* @ Z/p — A*/ /%A ® Z/p.

Perhaps the most transparent way to display the p-local cohomology is by
means of the Bockstein spectral sequence. This is the graded E, spectral
sequence associated to the exact couple given by the cohomology sequence of
0>Z—”Z—>Z/p—0. Of particular interest for geometric reasons is the
Bockstein spectral sequence of the fiber of a “two-step function” f. This is an
H-map such that s(f), = s(f),, =" = s(f)ps-1 =5, >0 for each n
prime to p such that §, > 0.

THEOREM C. If f: BU — BU is a two-step function with fiber F, then the E,
term of the Bockstein spectral sequence of F is given by

P®t E{an’r-—s +,|0<j<8,,}
n prime to p
® (4x(r—s,)//E%4x(r —s,) ®Z/p)

where r — s, = max{0, r — s,} and

A:(k) Z(p)[ nk’ a”*’k+l, RIS ] for a’!y k > 0.

In an application of this work to smoothing theory it will be necessary to
have an explicit description of the Z,, cohomology of the fiber of an H-map
J: BU — BU whose index §, never exceeds 1. Let S denote the set of all n
prime to p such that §, =1, and write T for the set of all sequences
a = (a;, a,, . ..) of nonnegative integers each of whose nonzero entries
is € p — 1 and lies in one of the subsequences a,, aps * * * for some n € S.
For each a € T write /(a) for the number of such subsequences containing a
nonzero entry, and let ind(a) = min, g p"™*" where a,,, is the first
nonzero entry of a,, a,,, . . . (if none exists, i, = ). Let w(a) = a; + 2a, +
3a; +
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THEOREM D. If f: BU — BU is an H-map with fiber F such that §, < 1 for
each n prime to p, then for eachm > 0

H'FZ,)=® & @ (Z/ind(e)"”
Jj=1 i=0 a€T

l(a)=j
2w(a)=m+i

where the right-hand term denotes the direct sum of (') copies of Z/ind(a).

The paper is arranged as follows. In §1 we discuss the arithmetic of
characteristic sequences and the basic congruence of Theorem A. This
depends on the decomposition H*(BU, Z,) = & , yrimet0p A1 Which is
established in §2. §3 is devoted to a detailed study of the homomorphism f*:
H*(BU, Z,)) > H*(BU, Z,)) induced by an H-map f. This permits us to
calculate torsion products for various p local rings R which, by some
remarkable collapse theorems for the Eilenberg-Moore spectral sequence, is
equivalent to computing the R cohomology of the fiber of f. This is done for
R=1Z/p in §4 to obtain Theorem B and for R =1Z, in §5 to obtain
Theorem C. In §6 we carry out the calculation Theorem D.

Finally, it is a pleasure to acknowledge the help of many people, especially
J. P. May, R. Ming and T. MacGregor.

1. The characteristic sequence. All spaces in this paper are assumed to be
localized at a fixed odd prime p and thus have p-local homotopy groups and
reduced homology groups ([25], [26]). Write u for the localization at p of the
H-multiplication (or an appropriate iterate) induced by Whitney sum of
bundles; p corresponds to loop multiplication under the Bott equivalence
BU ~ Q2BU. One immediate benefit of localizing is a geometric splitting of
BU.

1.1 THEOREM (ADAMS-PETERSON). There exist equivalences of infinite loop
spaces

BUS W XQPW X -+ XQP*W and
BO->W X QW X - - - XQ¥~ W

where Ty, (W) =Z,, k =1,2,...,and m(W) = 0 otherwise.

W may be defined as the bottom space of a spectrum associated to a
bordism theory with singularities [19]. The H-space decomposition can be
found in [19] or [1], and the infinite loop equivalence then follows from [2].
Notice in particular that BU ~ BO X 2’BO, so any H-map f: BO — BO
may be regarded as a factor of the H-map f X 1: BU — BU with the same
fiber. Similarly, 1.1 and Bott periodicity yield an equivalence BO ~ BSp.

For any map f: BU — BU we define a sequence A = (A, Ay, .. . ) in Z, by
the condition that f; equals multiplication by A; on 7, (BU) = Z,. If f is an
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H-map (that is, if fu = p(f X f)) we refer to A as the characteristic sequence of
f because of the following.

1.2 LemMa [15, p. 100). If two H-maps f,g: BU — BU have the same
characteristic sequence they are homotopic.

Using 1.1 we may define infinite loop maps Q¥*W — BU and BU — QW
such that the composite Q*W — BU — Q¥W is the identity or constant
depending on whether or not i = j. Using these the following decomposition
of H-maps follows directly from 1.2.

1.3 CoRrOLLARY. For any H-map f: BU — BU let ka denote the composite
Q@*W — BU —' BU — Q*W. Then the diagram below homotopy commutes.

BU A BU

=~ =
P22 fx Xfps PR
Oevw =7 5 7 1 e¥w
Jj=0 Jj=0

1.4 Operations on characteristic sequences. Given H-maps f, g: BU — BU
with characteristic sequences A and  we may form new H-maps f+ g =
pe(f X g) oA and fo g whose characteristic sequences are the pointwise
sum A + 7 and product A - 7, respectively. The loop space inverse —1 has
characteristic sequence (—1, —1,...), so that —f = (—1)  f has sequence
— A. Adding copies of 1 or (—1) we obtain maps with characteristic
sequences of any constant integer value n. These are homotopy invertible for
n prime to p, and thus for any p € Z,, there is an H-map with constant
sequence p.

The splitting 1.3 induces a shearing operation. Let S be some subset of
{0,2,...,2p — 4} and let

-2

H QW - H Q¥w

Jj=0 Jj=0
be the product whose 2jth component is fzJ if 2j € S and 1 otherwise. By 1.3,
fs induces a unique H-map Js: BU — BU with characteristic sequence A(S)
defined by A(S), = A, or 1 depending on whether or not 2n +2j =0
mod 2(p — 1) for some 2 € S. Setting S = {0, 4,...,2p — 6} we may thus
identify an H-map f: BO — BO with fg: BU — BU with characteristic
sequence (1, A, 1, A,, .. .) and fiber(f) = fiber(f;). We can also mix char-
acteristic sequences. If S, and S, partition {0, 2, ..., 2p — 4}, for example,
then fs ° g5, = g5, ° fs, has characteristic sequence A(S,) - 7(S,), a mixture of
A and 7. Finally, note that by Bott periodicity we have a loop map Q%f:
BU — BU whose characteristic sequence (A, 1, Ay 45, - - - ) is a left shift of A.
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1.5 DEFINITION. For any B € Z,, let »(8) denote the exponent of p in a
prime power decomposition of the numerator of 8 (let »(0) = o0). We say
that 8, = B, mod p* if »(B, — B,) > k. Define the surplus sequence s(f) of an
H-map f: BU — BU with characteristic sequence A by s(f), = »QA,) — »(n).
A positive surplus sequence is necessary and sufficient for the triviality of f*:
H*(BU, Z/p)—> H*(BU, Z/p) (3.7), and in general surplus measures the
torsion in the cohomology of the fiber (compare §5). In §3 we will also
establish the following.

1.6 LEMMA. For any n prime to p, if j is minimal such that s(f),, < O, then
.“J)mfu = _'k.

1.7 THEOREM. Let f: BU — BU be an H-map with characteristic sequence M.
Then A« = A« mod p**' whenever m = n mod(p — 1).

PRrOOF. If we replace f by g = f — A« 1 as in 1.4, the resulting character-
istic sequence has 0 as its np*th term. In particular, s( D > 0 and thus
5(f)ps > 0 for j < k by 1.6. But this means that p/*! divides A — Ay for
J < k. Using these congruences it thus suffices to check that A, = A, 1)/
mod p/*! for any n, j. But if k = p/(n — 1), it follows by 1.4 that Q%*f has a
characteristic sequence with p’th term A, and p/*'st term A 1~ The
desired congruence now follows from 1.6 as above. []

1.8 REMARK. Suppose f: BU — BU is any map (not necessarily an H-map)
with characteristic sequence A. Then Q%f: BU — BU is an H-map with
characteristic sequence (A;,j, A;4», - - . ). Applying 1.7 for various values of j
it follows easily that A« = A« mod p**' if m =n mod(p — 1) and m # 1
# n. I conjecture that the latter restriction on m and n is not necessary. But in
any case, by the shearing construction of 1.4 we may identify any map f:
BO —» BO with a map f;: BU — BU with characteristic sequence
(1, Ay, 1, A4, . . . ) so that 1.7 holds for A, A, . . . . These congruences may be
viewed as a generalized Kummer congruence; in a subsequent paper we study
a cannibalistic class p: BO — BO® for which 1.7 reduces to the classical
congruences between Bernoulli numbers.

n+p—

2. Homology of local classifying spaces. Let R be a commutative principal
ideal domain which is p-local. This means that R = R ®, Z,) as a group or,
equivalently, that multiplication by m is bijective for m prime to p. We write
¢, € H*(BU, R) for the class associated by localization to the nth Chern
class, and note that cup product and the coproduct induced by the Whitney
sum map p give H*(BU, R) the following familiar Hopf algebra structure

([13], [16)).
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2.1 THEOREM. H*(BU, R) is a polynomial Hopf algebra R|[c,, c,, . . . ] with
coproduct p*c, = 3c; ® c,_;. If d, € H,,(BU, R) is dual (in the basis of
monomials) to ci', then the correspondence c, — d, defines an isomorphism of
Hopf algebras H*(BU, R) — H,(BU, R).

For any n-tuple a = (ay, . . ., ,) of weight w(a) = a; + 2a, + - - - +na,
write ¢* for the cup product cf - - - ¢ € H™*(BU, R) with dual class
d, € H,,,(BU, R), and let d* = dj" - - - d;» be the Pontrjagin product
induced by p,. Going full circle, write ¢, for the dual of d* in the monomial
basis in H,(BU, R) (the Chern class c, is in fact dual to 4}'). By 2.1 it follows
that the primitives in H*(BU, R) and H (BU, R) are generated as R modules
by {c.,c.,-.-}and {d,,d,, ...}, respectively (Where e, = (0,...,0, 1) is
the nth unit vector), and ¢, — d, under the isomorphism of 1.2. By [S] we
may choose generators w, € m,,(BU) = Z,, which are carried by the Hur-
ewicz map to (m — 1)!d, . We can also describe the primitives directly. For
anyalet|a|=a; + a, + -+ - +a,and

{a} =(;+ - +a,)!/a! - a,l.

2.2 THEOREM. d, = S (= D**"n{a}d*/|al.

An identical formula holds for c, . If we identify c, with the nth elementary
symmetric function as in [4], then 2.2 is a consequence of Waring’s formula
for the Newton polynomials [13].

Given indeterminates #y, ¢,, ... define the kth Witt polynomial 7 by

T,() = tgk + pt{"‘_I + - - - +p*, where we abbreviate ¢t = (¢, t;, ... ). Let
P =(§,4,...)
2.3 LEMMA. Let Py, Py, . .. be polynomials in ty, t,, . . . with coefficients in

R (respectively, Z) such that P,(f) — P,_,(t") vanishes mod p*. Then the
equations P, (t) = T,(9o(?), @,(2), - . . , @ (?)) inductively define polynomials
Pos P15 - - - With coefficients in R (respectively, Z).

PrOOF. Suppose the polynomials P; are integral, the proof for R being
identical. Since ¢, = P, we assume inductively that ¢, . . . , ¢, _, are integral
for some k > 0. Since T, (?) = T,_,(t?) + p*t,, we must verify that P,(¢) —
T (@D, - - - » (@ (1)) vanishes mod p*.

Evidently the integral polynomials (¢;(#))’ and @,(¢) are congruent mod p.
Applying the binomial theorem inductively, it follows that (g(#)”"' and
o (tf )" are congruent mod p’*!. Consequently,

Tk-l((%(’))p’ cees (q’k-—l(t))P) =T 1(9o(t?), - - ., P_1(¢7)) mod p~.
But P._i() = Tj_((@o(2), . . ., @r_,(?)) by definition, and so P,_(¢") =
T _(po(??), . . ., @ (t?)). The lemma now follows from the congruence
P(t) =P, () mod p*. O
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2.4 CoRrOLLARY. For each n prime to p and k > 0 there exists a,, €
H,,,«(BU, R) defined inductively by d, Pl C a,i)-

PROOF. Let S, denote the polynomial of 2.2. By 2.3 we must show that

Smk(dl, ey dnpk) - Snpk-l(dl, e ey d"pk—l) (*)

vanishes mod p*. For any a of weight w(a) = np* with some entry prime to
P, the coefficient of d* in () is np*{a}/|a|. We must check that »({a}) >
v(|a]) where »(a) is the exponent of p in a prime power decomposition. But
{a} ={aj,ay+ - +a}-{ay...,a]}, so this follows from the familiar
v({ B)) > »(| B) where B = (B,, B) with 8, prime to p.

In fact, the inequality »({ p”B}) > »(| B]) holds for any 8 = (B,, ..., B,).
As before, it suffices to show this for s = 2 with 8, prime to p. Let #(i) denote
the product of all natural numbers < i which are prime to p. By some simple

bookkeeping we obtain {pB}/{ B} = wn(pB; + pB)/7(pB)7(pB) and
hence

(r8) 11 a(ri8)n(r'8) = (8 {1 #(o'(8, + )

But »({ 8}) > »(| B|) from above, while »({p™B}) = »({ B)) since = takes
values prime to p.
Returning to the polynomial (¢), if @ = pB then by 2.2 the coefficient of d*
is
1

. [ _mp! _ L mw! _
_(Wl{pﬂ} - {/3}) =2 (48] - ()

But since {pB}/{ B) = w(|pBI)/m(pBy) - - - m(pBy+) it follows that
m(pB) - - - m(PB, ){PBY — {B))
= {B}(7(pB)) — 7(pBy) - - - 7(PB,yr))-

If ¢ = min(»(By), . .., ¥(B,+)); then »({ B}) > »(| B|) — q by the paragraph
above. By Wilson’s Theorem (see e.g. [20]), #(|pB|) = (— 1)'#/#* mod p7+!
and m(pB) = (—1)'#/?" mod p?*". Thus n(|pBl) — m(pB)) - - - 7(pB,c) =0
mod p?*! so that p”1#D*! divides { pB} — { B}, and the coefficients of d* in
(*) vanishes mod p*. O

Using 2.2 it follows that a,; = nd,,« + decomposables and thus {a,,|n is
prime to p, k > 0} is a polynomial basis of H,(BU, R). For each n prime to p
let 4, denote the subalgebra of H,(BU, R) generated by a,, a,,, . . . . Since
A, is pure in H,(BU, Z,)) (if mx € A, for some integer m then x € 4,) and
d,, . is primitive, it follows from the defining relation for g, that 4, is a Hopf
subalgebra for R = Z,, and hence for any p-local R by universal coefficients.
This proves the first part of the following result which was first established by
Husemoller using different methods [11].
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2.5 THEOREM. There are isomorphisms of Hopf algebras

H,(BU,R) = ® A, and
n prime to p
H, (Q*W,R) = ® A,
n prime to p

n+k=0mod(p—1)
When R = Z,,, this decomposition is best possible: given Hopf subalgebras
B, C C H(BU, Z,)) such that H,(BU, Z,,) = B ® C, then for any n prime
to p either A, C Bor A, C C.

PrOOF. We prove the last statement first. Since B and C are pure, it follows
from [17, 6.16] that any primitive d, - is in B or in C. Suppose inductively that
d, =a,0,8,,,...,4,;_1 € B.By24, x = denf = T(@,0Y> - - - » (@, ;- 1)) is
p-divisible and thus so is its image [x] in H,(BU, Z,)//B = C. But if
4, € Q, [x] = d, , which is not p-divisible by 2.2. Thus dw and hence a,;
and 4, lie in B.

Because the Hurewicz map sends some generator w,, € 7,,(BU) = Z,, to
(m — 1)'d, , it follows from 1.1 that H (Q*W, Z, ) is the smallest pure Hopf
subalgebra of H\(BU, Z,)) containing the primitives d,, where n + k=0
mod(p — 1). Then from the argument above we have

H (Q**W,R) = ® A
n prime to p
n+k=0mod(p—1)
for R = Z ,, and hence for any p-local R by universal coefficients. []
By the same arguments we have a decomposition in cohomology.

2.6 THEOREM. For n prime to p and j > O define a}; € H*”(BU, R)
inductively by €, = T,(a%o - - - > ay)- Let A} denote the polynomial Hopf

n

subalgebra R[a}o, ay,, . . . |. Then there exist isomorphisms of Hopf algebras
H*(BU,R) = ® A and
n prime to p
H*(Q*W,R) = ® Ar.

n prime to p
n+k=0mod(p—1)

The homology and cohomology decompositions of BU (and of QW) are
dual. If we give H,(BU, R) the basis of monomials in {a,;}, then c, , /nis
dual to a,,. The subalgebras 4, and A} are in some sense the minimal
bipolynomial Hopf algebras [21].

3. The homology of H-maps. We can now describe the induced homomor-
phism of an H-map f: BU — BU. Since the Hurewicz map induces an
isomorphism between #,(BU)® Q and the primitives of H,(BU, Q)
(8], [17]), the characteristic sequence A of f may be defined byf,(d, ) = A, d,_
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where d, is as in 2.2. Thus for each n prime to p and k > 0 we may apply f,
to the defining relation 2.4 to obtain

ATy, - - -5 @ys) = Te(fulano): - - - s fulani)- 3.1)

We illustrate the use of this equation in the ring H,(BU, Z ,)) where the
a,, are not p-d1v1s1ble Suppose »(A,,x) =j > 0. Then (f,(a, o))" is divisible
by p and hence by p?*. If j > l divides both sides of 3.1 by p, conclude that
(fu(a ,,))‘p is divisible by p?*”’, and continue inductively. It follows that
(@), - - - 5 fu(@y minj—1,49) all vanish mod p and, if (j — 1) <k, that f,(a,))
= 0.

Restating this in terms of surplus (1.5), we have that s(f),« > 0 iff
f@,0), - - ., fi(a, ) all vanish mod p. Moreover, if s(f),« < 0 andj = k +
S(f)np+> then fo(a,g) - . ., fu(a,;_y) all vanish mod p while f,(a,;) does not.
In particular, if f,(a,,) is the first nonvanishing (mod p) term of f.(a,,),
fo@a,y), . .., then we must have s(f),« =0, s(f)yes1=—1,.... This
proves Assertion 1.6.

3.2 DerNITION. For any H-map f: BU — BU and n prime to p define the
nth index of f, denoted §,(f) = §,, by 8, = j if s(f),» = 0 and §, = oo if no
such j exists.

By 1.7 the index §, is constant as n varies within a residue class mod(p —
1). The discussion above may be summarized by saying that f,(a,;) vanishes
mod p for j < §, while f,(a,,) = 0 mod p.

3.3 THEOREM. For each n prime to p and k < §, we have

f#(an,k) = (}‘W*/Pk)Tk(an,o’ R an,k) + px
Jor some x in the ideal in A, generated by all f,(a,;), i <k. If f satisfies the
growth condition s(f),,i < ps(f)yi-1 — 1 for i <k, then v(px) > v(A,,«/ p*) =
St and thus v(f(a,1)) = S(Nipr-

For the final statement we assume that the ground ring R is Z,,. For
x € H,(BU, R) the symbol »(x) then denotes the maximal j such that
x = py for some y € H_(BU, R). The growth condition is not satisfied in
general (examples can be easily constructed using 1.4) but is satisfied by a

number of maps f of geometric interest. The last statement often permits an
explicit description of the torsion in the Z,) cohomology of the fiber of f.

ProoF. If we solve the defining equation 3.1 for f,(a, ;) we obtain

(M;*/Pk)Tk(an,o’ <. G k) - (I/Pk)Tk 1((f*( o))p, s (f*(an,k—l))p)‘

But (fu(a,))""'/P* "' = (Fu(a, )Y ™" /P*")fu(a,,) when i < k where the
first factor is evidently p-divisible since f,(a,, ) is. Thus the second polynomial
above has the desired form px.
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To prove the second assertion we may suppose inductively that »(f,(a,,))
= 5(f), for i < k and thus

(@) /0577 ) = (g = (= ).

But the growth condition implies that ps(f),,«-+ — 1 < ps( Dpr2—2< ...
and hence

v(px) = 1((fu(@a=1)) /P) = PS(f It = 1 > 5(f ). O
Evaluating f,(a,,) for k > §, is more difficult since A« and f,(a,;) have
insufficient p-divisibility to carry out the manipulations above. A less direct
approach seems more fruitful. Fix some n prime to p with finite §, and for
each k > §, let 4, = A«/p%, a unit in Z,. By 1.7 it follows that (1/u,) =
(1/u,_,) mod p*~%. Then using 2.3 we may inductively define polynomials
pk—s,,(t) = pk—s,,(t‘)’ ey tk—s,,) and gk_sn(t) = gk_sn(tl, e eey tk) for k > 8" as
follows.
(1/w)Ty_s (1) = Tk—s,,(Po(t), e Pk—s,,(t)),
=P (g ) = Tk—s,,(go(‘), cees gk—&,(t))' (34

It follows immediately that § _; is always p-divisible and that p,_,(¢) =
(1/w)t, + decomposables. Hence the following result includes a partial
description of f,(a, ;)

3.5 THEOREM. If n is prime to p and k > §, then
a;’.’,z'—s,, = Pr—s, (f:(an,s,, ) R ’f*(an,k)) +& 5 (a5 a,,) +px
Jfor some x in the ideal in A, generated by all f,(a,), i <k.

PRrOOF. For the proof we abbreviate a,; = a;,, §,_;(a;, . .., @) = §_,, and
Pi—s,(fa(@)s - . ., fo(@)) = p;_s,. For k = §, the result is established in 3.3,
so suppose inductively that 3.5 holds for all i such that §, <i < k. Then
using the relations a?” = pi_s, + &i_s, + Px;, the p-divisibility of §_,, and
the multinomial theorem it follows (compare the proof of 2.4) that

Tk—&,—n(“t’)”"*l, SRR alff;,l—l) = Tk—&,,—l(pg’ SRR Plf—s,,—l)

+ T s (8- s &g 1) + pk ot (%)
for some X in the ideal generated by f,(ap), - . . , fo(@_ ). If we multiply the
defining equations 3.1 by the unit p*/A, = 1/u, and substitute the identities
(*), the left-hand side of the resulting equation is

Ps"Tk—s,,—n(Pp) +phT s _((87) + prtix
+pka£fs,, + pk+lTs~_|(ak_3n+l, ceey ak).
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Substituting the defining relation 3.4 for § _, and simplifying via the identity
Ti—5,6) = Ti_5,_1(£7) + p* "%, _, this becomes
PPTi_s, (") + p*+'% +pkap"s — p*b_s,. (++)
Using the arguments of 3.3 it follows that the right-hand side of 3.1
(multiplied by p%/ A« = 1/u, as before) may be written as
Pk+l§ + (Ps"/un)Tk—s,,(ft(as,)’ <. ’ft(ak))

for some X in the ideal generated by f,(ay), - - - , f,(@_,)- Then substituting
the defining equation 3.4 for p,_, and the identity T} _;5 (p) = T;_5 _1(p”") +
p*~%p, _, this becomes

px +p8"Tk—8,,—l(pP) + PkPk—a,,- (+22)
The desired result follows by equating (s#) and (*+*). [

The above work made no use of the properties of the H-map f beyond the
relation 3.1. Since the cohomology homomorphism f*: H*(BU, R) —»
H*(BU, R) sends each primitive ¢, to some multiple of itself and since
{c.,d, )= *n, it follows that f*(c,) =A,c, and 3.3 and 3.5 hold for
cohomology.

3.6 THEOREM. For each n prime to p we have

fHak) = (M*/Pk)Tk(a;:o, c.osan) +pxt fork <8,
6"
(a':k—s,,)p = pk—ﬁ,(f*(a:»s,.)’ ce ’-f‘(an,k)) + gk—s,,(ar:l, e ey ar:k) +px,2'
ifk >89,
where x* lies in the ideal in A} generated by all f*(a}), i <k,and & _;, p;_s,

are as in 3.4. If f satisfies the additional growth condition s(f),,: < ps(f)ppi-1 —
1 for i < §,, then v(f*(ayy)) = S(N)npx for k < 8,

For the last statement we again assume that the ground ring is Z,). The
above result (and the homology analogue) simplifies considerably if we
reduce mod p.

3.7 CoroOLLARY. The Hopf algebra homomorphism f*: H*(BU,Z/p)—
H*(BU, Z/p) induced by an H-map f satisfies

fr(ar) = ° e <
mk uk(a,:k_sn)"" +x, ifk>3$,

where x, lies in the ideal in A} generated by all (a,‘,“‘,.)’s", j<k—-86,—1,and
u € Z, is a unit.
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4. The mod p cohomology of the fiber. For any commutative Noetherian
ring R and for any simple fibration F —» E — B with E and B connected and
of finite type over R there is an Eilenberg-Moore spectral sequence {E,}
converging from E, = Tory. (R, H*(E, R)) to E, = EH*(F, R), the
bigraded module associated to some filtration of H*(F, R) ([9], [10]). This
spectral sequence is natural for morphisms of fibrations, and the filtration on
H*(F, R) behaves well with respect to products. Applying the diagonal map
we obtain a spectral sequence of bigraded rings. If E — B is an H-map there
is an induced multiplication on F and, when R is a field, we have a spectral
sequence of bigraded Hopf algebras.

Any map f: BU — BU may be regarded as a simple fibration [24, §2.8] with
H*(BU, R) of finite type over R if R is p-local. For such fibrations we may
apply the beautiful Eilenberg-Moore spectral sequence collapse theorems of
May ([14], [10]), Munkholm [18], and others ([3], [12], [22], [27]). The follow-
ing special case of May’s result [10, Theorem B] will suffice. We use the
notation @ M to denote the graded module associated to a bigraded module
M.

4.1 THEOREM. If f: BU — BU is a fibration with fiber F, then there is a
natural isomorphism of bigraded algebras
EoH*(F, R) = Tory.su,r (R, H*(BU, R))

for some natural, nonpositive, decreasing filtration of H*(F, R). If f is an
H-map and R is a field then this is an isomorphism of bigraded Hopf algebras.
In either case, the map in filtration zero is induced by the canonical map

H*(BU, R) ®H‘(BU,R) R H‘(F, R)

induced by inclusion of the fiber. Finally, there is no additive extension problem
and we obtain an isomorphism of graded R modules

H*(F, R) = @ Tory.sur (R, H*(BU, R)).
42. To determine the torsion products above we first compute
Tor,«(R, A¥) for each n prime to p by means of the classical Koszul

resolution. Let o: H(BU, R) —» H'~'(U, R) denote the cohomology suspen-
sion; this is the composite

H(BU, R)™S H'(PBU, U; R)’> HI"\(U,R)
where U —» PBU —" BU is the path fibration. Then 6(4*) C H*(U, R) is an
exterior Hopf subalgebra E{oay,|j > 0} on primitive generators oay}; €
H*~Y(U, R). The module o(4*) ®, A* with differential generated by
oa,; — a;; is an A}-free resolution of R (compare [3, §2]). Moreover, the
Hopf algebra structures on 4} and o(A4}) induce one on the resolutions.
Applying @ » Ay and checking the definition of product and coproduct for
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Tor, it follows that @ Tor (R, 4;) = H(cA} ® A}, d) as a graded ring (and
as a Hopf algebra if f is an H-map and R is a field) with differentials given by
oa;; — f*(ay;). When R is a field the external product on Tor is also an
isomorphism [18] so we obtain a natural isomorphism

@ Toryesur (R, H*(BU,R)) = @ Tor,.(R, A?).
n prime to p "
4.3 THEOREM. Let f: BU — BU be an H-map, R = Z/p, and regard A* as a
module over itself via f*. Then

@ Tor,.(Z/p, AY) = E {0a}|0 < j < 8,} ®;,, (42//£%A})
as Hopf algebras where &: x — x? is the Frobenius map.
PRrOOF. By [23, 1.5] there is an isomorphism of Hopf algebras

® Tor,,(Z/p, AY) = Torguer (Z/p, Z/p) ® (4}//f*AY)

where subker f* is the unique Hopf subalgebra of A* generating ker f*:
Ay — A}. But by 3.7, subker f* = Z/pla¥y, . .., a¥, ] and f*A* = £%42,
and the result follows by inspection of the Koszul resolution. []

Thus by the Kunneth theorem there is an isomorphism of Hopf algebras

@ EH*(F, Z/p) = B F {oa%0 < j <8,} ®(42//6%42).
n prime to p

Comparing this with the Eilenberg-Moore spectral sequence for the universal
principal fibration (see e.g. [22]) and applying some standard Hopf algebra
arguments, we may replace the term on the left with H*(F, Z/p). This proves
the following.

4.4 THEOREM. Let f: BU — BU be an H-map with fiber F. Then H*(F, Z/p)
= ® 1 prime 0pE{0a3,|0 < j <8,) ® (A¥//£%A}) as Hopf algebras. The in-,
duced homomorphism of the inclusion i: F — B is given by the natural projec-
tions A — A}/ /£%A4%, while oa}; pulls back via the canonical map U — F to
the cohomology suspension of ay;.

By 1.3 the fiber F of an H-map f: BU — BU decomposes as an H space
into a product F(0) X F(2) X - - - X F(2p — 4) where (in the notation of 1.4)
F(2k) may be defined as the fiber of f,,: BU — BU or of f,,: Q*W — Q¥*W.
Applying 4.4 to f,, we obtain the following.

4.5 COROLLARY. If F = F(0) X F(2) X - - - XF(2p — 4) is the natural H
space decomposition of F, then
HYFQk),Z/p)=  ®  E{oa}l0<j<8,)®(43//6%43).

n prime to p
n+k=0mod(p—1)
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5. The Bockstein spectral sequence of the fiber. For any chain complex
(C, 9) of abelian groups the long exact sequence in homology associated to
the coefficient sequence 0 > Z —? Z — Z /p — 0 may be regarded as an exact
couple whose underlying graded spectral sequence is the Bockstein spectral
sequence. The E, term is E,(C) = H,(C, Z/p) and the differential for E, is
the rth order Bockstein B, which may be described as follows. Given {c} €
H,(C, Z/p) where ¢ € C is a chain satisfying 9(c) = p’c’, define B,{c} =
{c¢'} € H,(C, Z/p). This spectral sequence is discussed in considerable detail
in [6] and [7]. We recall some useful facts.

5.1. If x generates a direct summand Z/p" in H,(C), then j,(y) # 0 in
E,(C) where ji,: H/(C)— E(C) is the map induced by j: H,(C)—
H,(C,Z/p).

5.2. Kernel(j,) = pH,(C) + T,_, where T,_, is the subgroup of H(C)
annihilated by p”~!.

53.E(C)=(H,C)/Torsion) ® Z/p.

5.4. Given complexes C and D, the canonical map H,(C,Z/p)®
H,(D,Z/p)— H,(C ® D,Z/p) induces an isomorphism of chain com-
plexes E(C) ® E(D)— E(C ® D)forallr > 1.

Now suppose f: BU — BU is an H-map with fiber F. Using 4.1 and 4.2
with R =Z, it follows that H*(F,Z,) is the homology of the chain
complex @, prime 10,0(4F) ® AF with degree one differential defined by
d(a(a,)) = f*(ay,). But since

E( ® (o(4n®@47)= ® E(o(4)®4)
n prime to p n prime to p

by 5.4, to describe the Bockstein spectral sequence of the space F it will
suffice to describe that of the component complexes 6(A4}) ® 4. Of particu-
lar interest for geometric applications is a two-step complex of surplus s. This
is a chain complex o(A4¥) ® A} in which the H-map f inducing the differen-
tial as in 4.2 satisfies s(f),,« = s > O forall k <3§,.

5.5 THEOREM. Let o(A}¥) ® A} be a two-step complex of surplus s. For r < s
the Bockstein spectral sequence is given by

E, =E{oa},...,0a% |} ® A//t%4¥ ® Z/p.
If r > s we have
E =E{oa}, ... 005 ,.5_1) ® A3 = 5)/ /6543 — 5) O L/p
where A3 (k) = Zlaxy, argyys - - )

Proor. For convenience we may first suppose that the characteristic
subsequence A,, A, ... used to define the differential on o(4}) ® A} is
given by p*, p**l ..., p**%~1 pd& p% . By 3.6 we may choose elements
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e =oay, — 2,40(ay) ® x; for suitable x; € A¥ such that 9(c) =
P’Ti(aYy ..., ay) if Kk <§, and () = (a,{k_sn)’"' —&-s(ar -5 am)
for k > 8,. Then setting by = co, by = ¢, — bolate)? ™"
— - =b_y(at_ V" for 0 < k <8, and b, = ¢, for k > &, it follows
that we may rewrite o(4,Y) ® 4} as a complex C(0) = E{by, b,, ...} @ A}
with differential 3, defined by 9,,(b,) = p**“a¥, for k <8, and 3,,(b,) =
@iy — s (@t ..., a%) if k > 8,

For each k > 0 let C(k) denote the free Z ,, module E{b;, by, ... } ®
A (k) where b, is, as above, an exterior generator of degree np’ — 1. On C(0)
we have already defined differentials d,, for each s > 0. We may similarly
define 9, , on C(k) by

%.(b) =p*+ar, ifk<j<k+8,

nyJ
ak,:(bj) = (“:,j—s,,)p - § ks, (@risrs s a,’,'J) ifj >k + 8,
Assertion 1. E(C(0), p‘dy,_,) = E(C(0),p' " "9,_;4p foralli=1,...,s
—landr >i.
Assertion 2. E(C(k), p¥3, ) = E(C(k + 1), p**19, ., )if r >k + 1.

Assuming these for the moment the proof proceeds as follows. Clearly
E(C(k), p'9,,) = C(k) with ith Bockstein the mod p reduction of 9, ,. Thus

E(C(k),p'd,) = E{biy -, beys 1} ® ANK)/ /654N (k) ® Z/p

by the argument of 4.3. From the definition of the elements b; this is
isomorphic to E(0a, ..., 0a% s 1) ® AX(Kk)/ /%A (k) ® Z/p. Thus if
r < s it follows by Assertion 1 that
E,(C(O), a0,.!) = Er(C(O)’ p’-lao,s—r-k I)
=E{oa},...,0a% |} ®Ar//t%4¥ ®ZL/p.

When r > s it follows by Assertions 1 and 2 that

E,(C(0), 3,) = E,(C(0), p*~"0,,)
=E,_,..(C(0), 3y,)
=E,_, . (C(r—s)p",_,,)
= E (0t s, 00y, rg, 1) ® AR = 5)/ /E543(r = 5) ®L/p.
To prove Assertion 1 it suffices to check that E(C(0), pdy,_;) =
E(C(@0), dp5—_;4+y) for r>1and i=1,...,s — 1. Define a chain map ¢:

(C(0), 3y—;+1) > (C(0), pdy, ;) by setting ¢ = 1 on 47, ¢(b) = b, if i <4,
and @(b;) = pb, if i > §,. Then ¢ induces an isomorphism on E,. For as noted
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above,
Ez(C(O),Pao,s—i) = EI(C(O)’ aO,s—i)
= E{bo, PR ,bsn_]} ®A://€8”A: ®Z/p.

But by the same argument we have E,(C(0), 9g;_;+1) = E{bp, . . ., b5 1} ®
A*//£%A4* ® Z/p with the entire homology group lying in the kernel of the
first Bockstein.

The second assertion is proved similarly. We will define a chain map ¢:
(C(k + 1), pd; 41,1) > (C(k), 9;;) which induces an isomorphism on E,. Let
®| 4 +1) be the canonical inclusion A(k + 1) C A(k), define @(b;) = b; for
k+1<j<k+3§,and

‘P(bk+8,.) =Pbk+8,. - bk ® (an',k)ﬂ"_l - _bk+8..—-l ® (ar:k+8,.—l)p—l'

Next abbreviate §(ayy+1s - - > Gnk4jrs) = §and §_((atiiz - - -5 Anisjvs,)
= §_, and note that the defining relation 3.4 yields

PTk-s,,—n(fo’ ) gk—s,,—l) = Tk—.s,,(go’ ) ‘Ek—s,,)-
Then using the p-divisibility of &, and the binomial theorem (compare the
proof of 2.4) it follows inductively that % 1 = § + i, for some 1, € 4,5(k).
We complete the definition of ¢ by settlng cp(bk+8"+ ;) = Pbiys +; + myx for
allj > O where x = pb, .5 — b(as,)’ *~1 satisfies 0;.1(x) = pé,.
To compute ¢, on E, recall first that

ENC(k + 1), pdy 1))
=E{beyrs---rbpss ) @Ak + 1)//£%4k + 1)®Z/p

and

E\(C(k), ak,l) =E {bk’ ) bk+8,,-l} ® A:(k)//gs"A:(k) ®Z/p
as before. The first Bockstein on the latter ring is defined by the conditions
Bi(b) = g, and By(byyy) = - - © = Bi(brss ) = Bi(4x(k)/ /£>4}(K)) = 0.
It follows that Ker 8, is the subring generated by biyps s bess,—10 b ®
(a2,y" ", and A}(k), while Im(8,) = a2, - (Ker B,). By a change of basis we
may thus write Ker B, = E{bj,, ..., bi.5) ® AXK)/ /%A% (k) ®@ Z/p
where b = b, if j <k + §, and bk”": = pbiis, — b ® (a5 ) -t
= mbiys - ® (akss,-1) Thus E,(C(k), 9,) =
E{besrs s biag ) ® A5k + l)//£8~A‘(k + 1)) with ¢ inducing an iso-
morphism on E,. []

The Bockstein spectral sequence for the complex C = o(4}) ® A} with
arbitrary surplus s,, S, . . ., Sps-+ is, unfortunately, still a mess. If s =
min{s,, . . ., Sy8-1} and Cl = o(A‘) ® A} is the complex of constant sur-
plus s obtamed by dividing the characteristic sequence for C by appropriate
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powers of p, then applying 5.1, 5.2, and 5.3 to the computation 5.5 yields
reasonably explicit information about the torsion group H(C"). In particular
cases one can then profitably compare H(C) and H(C") by studying, via the
mapping cone construction, the homology of the chain map ¢: C — C!
defined by

¢(oay;) = pear; forj <§,

¢(oay;) = oay;, forj >34,

and ¢|,. = 1. Such considerations are omitted here in the hope the general
case will soon be brought under control.

6. An important special case. The Z ,) cohomology of the fiber of an H-map
f: BU - BU with index never exceeding 1 admits a direct description. Such
an explicit computation, though less transparent than the Bockstein spectral
sequence computation of the previous section, will be necessary in a subse-
quent study of the classifying space of smoothing theory.

We first suppose that f: BU— BU is an H-map with characteristic
sequence A such that, for a fixed n prime to p, 6,(f) = 1 and A, = p™w for
some unit w € Z ). Regarding 4, as a module over itself via f* as usual, we
describe @Tor ,.(Z,), A¥) as both a Z,) module and an algebra.

6.1 THEOREM. There is an isomorphism of graded algebras
@ Tor o (Z,), A7) =AY/ /f* A% = A} /1
where I is the A} ideal generated by

Aaro, (ano)” — pwiagy, (arf — pwaass, - - .
Jor certain units wy, w,, . . . €EZ,). The submodule of elements of degree 2r is

isomorphic to @ ,Z/ind(a) where a = (a,, @y, . . . ) ranges over all sequences
of nonnegative integers of weight r each of whose nonzero entries is < (p — 1)
and lies in the subsequence a,, &, &y, - . . , and where ind(a) = p™ *if a,, is

the first nonzero entry of a.

Proor. By the definition of torsion product (compare e.g. [3]) we have that
Tor§.*(Z,), AY) = Z,, ®n A¥ = A¥//f*A* where the quotient module
AY//f*Ar is torsion because f* is a rational isomorphism. But since
AY//frAHRZ/p=Ar®Z/p//f*Ar ®Z/p is a vector space with one
generator in each dimension nj by 3.7, it follows by 4.4 and inspection that
TorA,,‘@Z/p(Z/p9 ArY®1Z/p)=E {oa,:o} ®Ar//€4¥®L/p

= (4//f*Ar ® Z/p) ® Tor\((4}//f*A}), Z/p).

But by universal coefficients Tor,.gz/,(Z/p, A5 ® Z/p) is isomorphic to
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(Tors(Z,), A7) ® Z/p) ® Tory(Tor 4o(Z, ), A7), Z/p). Thus Torju(Z,, A7)
= 0if s # 0 and hence
Tor 1s(Z,y, AY) = D Tor,u(Z(,), AY) = A2/ /f*AY.

For each j > 0 let I; denote the 4, ideal generated by f*(ayy), - - - , f*(a,))
and assume inductively that I,_, is generated by A,aty (a5 —
wWipas,, . .., (an;_)’ — wi_ypay;_, for some units w,...,w;_; EZ,. It
follows from 3.4 and 3.5 that f*(ay)) = v((a5;_ )" — §_1(a5y, - .-, a)) + x
where x € I,_, and v; = p/A,;, a unit in Z,. By definition §_, is a

p-divisible polynomial given by §_,(af, ..., as) = — pay; -
P T &, ..., & ). If j =1 the last term on the right vanishes, and if
J = 2 this becomes ¢,(a?,, a¥,) = — pay, + p?~'(a},)?. In general, since &,

is homogeneous of degree np’ and since the degrees of a3, ..., ay; are
multiples of np?, we may regard §_1 as a polynomial in (a;,), a5, - - -, ap;.
Thus §_, = — pa}; + p§(a},, . .., ay;_;) mod I,_, for some polynomial §'.
As before, regard ¢ as a polynomial in (ay,), a5, ..., a;; and continue
inductively. Thus we may write
§_(aty, ..., a) = —pal; + pn(at;, Y modl_,

for some 1 € Z,. It follows that I; is generated over 4} by [,_, and
(ay;_1)F — wypay; where w, = 1/(np — 1) and the first part of 6.1 is estab-
lished.

It follows from the work above that any monomial in A4} is congruent

modulo I =1, U, U ... to some multiple of a monomial in “reduced
form”

(a5 = (a2o) - - - (a2;)" where k; <p for all i).

Moreover this monomial is unique since distinct reduced monomials have
different degrees. We must show that (g*)©@ -+ %%----k) has order precisely
p™*if k; # 0. From the congruences

pi(a:)(o ..... 0k, ..., k;) = (pi—l/wi)(a:)(o,...,O,p,ki—l ..... k;) = .
= (l/Wl L. wi)(a:)(p,p—l ..... p—Lki—VLki ..., k;)

mod / it will suffice to show that any monomial (a*)*> % with 0 < k, < p
and k; < p for i > 0 has order p™ in 4 /I. Thus suppose

!
n(ap)o ) = N a¥oxo + 20 ((ax,yY — wpay;)x; (*

for some xo, . .., x; € A} and n € Z,,,, and consider the evaluation map E:
Ay > Z , sending

1

a,:k - (pl’k‘Pk- - -p—l)/ (Wfk‘lek_z

Cen WL’_]Wk)-
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This map is defined so that E((ay,_,)* — wipay,) = 0 for all k > 0. This
implies that among all monomials (a*)‘ "% of a given degree the one
whose E image has the lowest p divisibility is the monomial in reduced form.
Applying E to (*) above we obtain nE((a¥)*>- %) = A E(a¥oxo). Thus if
ko < p, n must be divisible by at least p™. If k, = p, then both (a*)&o -
and a,x, have a factor (a;,)’, so again p™ dividesn. O

Using universal coefficients we can now combine the calculation above for
various values of n to prove Theorem D of the introduction.

Proor oF THEOREM D. For each finite subset S’ C S let Cs. denote the
complex @, s 04} ® A¥ with differential defined via f* as in 4.2, and let
Ts. C T consist of those sequences a whose nonzero entries lie in some
subsequence a,, a,,, . . . for n € §’. We will show by induction on the size of
S’ that

o0 I -1 -1
H,(Cs)= @ @ (Z/inda)"". (62)
j=1i=0 a€Ts
la)=j
2w(a)=m+i
This proves 6.2 since, for each m > 0, H™(F, Z,)) = H,,(Cs) for some finite
S’ CS.
If S’ consists of a single element, then /(a) = 1 for any a € T and the
formula 6.2 reduces to that of 6.1. Thus suppose S’ C S is some finite set for
which (6.2) holds and choose n € S \ S’. By the Kiinneth formula

H,(Csyn)) = Ha(Cs: ® Cimy)
= 5] Hm’(CS') ® Hm”(c("))

m+m=m

\//V\—/
(@)

® @ Hm’(CS’) ® Hm”(c(n)) .
m+m’'=m+1
m'#0%m’

W\/
()

This uses the fact that the reduced groups H,(Cg) and H +(Cny) are torsion.
But for any a € T (,, there are isomorphisms

Z/ind a = Z/min(ind «’, ind a”)
=1Z/ind o’ ® Z/ind a”
where a = a’ + a” for some unique &’ € Ty, a” € T(ny-

Then applying the inductive assumption, the subgroup of (a) above corre-
sponding to m’ = 0 or m” = 0 is given by
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o0 j_l =
D D ® (Z/ind a)* . (a)
Jj=1 i-anTs,Um, a’=0or a”=0
I(a)=j
2w(a)=m+i

When a” # 0 we have /(a’) = I(a) — 1 so that the remaining contribution
from (a) is

o j—2 o

D D ®  (Z/nda)*. (2))

J=1i=0 g€ Ty, oa'A05a"

Wa)=j
2w(a)=m+i
Similarly, applying the inductive assumption to (b) yields
o j—2

@O @ (z/imnda)

j=1 im0 €Ty o
la)y=Jj

2w(a)=m+i+1
-, - éd
=0 & 57) (Z/ind )“". (b))
Jj=1i=1 a€Ts (), «'7#05%a”
W(a)=Jj
w(a)y=m+i

Then adding (a,), (a,), and (b,) and substituting the identity

(3702007
i i—1 i
we obtain the desired formula 6.2 for the set S’ U {n}. O

We conclude with a remark about nontorsion elements. Most of the results
in this paper involve an H-map f: BU — BU whose characteristic sequence
has only nonzero entries. Equivalently, the reduced Z,, cohomology of the
fiber of f is torsion. If A has trivial entries, however, there is a reasonably
simple algorithm for computing the rank of the cohomology. For any set S of
positive integers and for any positive integers k and n, denote by pg(k, n) the
number of distinct ways of writing n as a sum of integers from the set S (an
element may be used more than once) in which exactly k different elements
from S are used. For example, if S is the set of all positive integers then
ps(1, n) + ps(2,n) + ... is the number of partitions of n. Let ps(k, n) = 0 if
n is not an integer.

6.4 THEOREM. Let F: BU — BU be an H-map with characteristic sequence A
and fiber F, and write S for the set of all indices n such that N\, = 0. Then for
every m > 0 the Z,, rank of H™(F, Z,)) is given by

S (F st 45+ my/2).
i,j>0 1l

We omit the proof which is a straightforward counting argument involving

the rational Eilenberg-Moore spectral sequence of f.



LOCAL H-MAPS OF CLASSIFYING SPACES 215

REFERENCES

1. J. F. Adams, Lectures on generalized cohomology, Category Theory, Homology Theory, and
their Applications. III, Lecture Notes in Math. No. 99, Springer-Verlag, Berlin and New York,
1969.

2. J. F. Adams and S. Priddy, Unigueness of BSO, Proc. Cambridge Philos. Soc. 80 (1976),
475-509.

3. P. F. Baum, On the cohomology of homogeneous spaces, Topology 7 (1968), 15-38.

4. A. Borel and J. P. Serre, Groups de Lie et puissances reduite de Steenrod, Amer. J. Math. 75
(1953), 409-448.

5. R. Bott and J. Milnor, On the parallelizability of the spheres, Bull. Amer. Math. Soc. 64
(1958), 87-89.

6. W. Browder, Torsion in H-spaces, Ann. of Math. (2) 74 (1961), 24-51.

7. _____, Higher torsion in H-spaces, Trans. Amer. Math. Soc. 108 (1963), 353-375.

8. H. Cartan and S. Eilenberg, Homological algebra, Princeton Univ. Press, Princeton, N. J.,
1956.

9. S. Eilenberg and J. C. Moore, Homology and fibrations. I, Comment. Math. Helv. 40 (1966),
199-236.

10. V. K. A. M. Gugenheim and J. P. May, On the theory and application of differential torsion
products, Mem. Amer. Math. Soc. No. 142, 1974, )

1. D. Husemoller, The structure of the Hopf algebra H (BU) over a Z,-algebra, Amer. J.
Math. 43 (1971), 329-349.

12. D. Husemoller, J. C. Moore and J. Stasheff, Differential homological algebra and homoge-
neous spaces, J. Pure Appl. Algebra § (1974), 113-185.

13. A. Liulevicius, On characteristic classes, Nordic Summer School Notes, Aarhus Universitet,
1968.

14. J. P. May, The cohomology of principal bundles, homogeneous spaces, and two stage Postnikov
systems, Bull. Amer. Math. Soc. 74 (1968), 334-339.

15. _____, E_, ring spaces and E, ring spectra, Lecture Notes in Math. No. 577, Springer-
Verlag, Berlin and New York, 1977.

16. J. Milnor and J. Stasheff, Characteristic classes, Ann. of Math. Studies No. 76, Princeton
Univ. Press, Princeton, N. J., 1974.

17. J. Milnor and J. C. Moore, On the structure of Hopf algebras, Ann. of Math. 81 (1965),
211-264.

18. H. Munkholm, The Eilenberg-Moore spectral sequence and strongly homotopy multiplicative
maps, J. Pure Appl. Algebra 5 (1974), 1-50.

19. F. P. Peterson, The mod p homotopy type of BSO and F/PL, Bol. Soc. Mat. Mexicana 14
(1969), 22-27.

20. H. Rademacher, Lectures on elementary number theory, Blaisdell, Waltham, Mass., 1964.

21. D. Ravenel and W. S. Wilson, Bipolynomial Hopf algebras, J. Pure Appl. Algebra 4 (1974),
41-45.

22. L. Smith, Homological algebra and the Eilenberg-Moore spectral sequence, Trans. Amer.
Math. Soc. 129 (1967), 58-93.

23. , Cohomology of stable two stage Postnikov systems, Illinois J. Math. 11 (1967),
310-325.

24. E. Spanier, Algebraic topology, McGraw-Hill, New York, 1966.

25. D. Sullivan, Genetics of homotopy theory and the Adams conjecture, Ann. of Math. (2) 100
(1974), 1-79.

26. , Geometric topology, Part 1, Localization, periodicity, and Galois symmetry, Mimeo-
graphed notes, M. I. T., 1970.

27. J. Wolf, The cohomology of homogeneous spaces, Amer. J. Math. 99 (1974), 312-340.

DEPARTMENT OF MATHEMATICS, STATE UNIVERSITY OF NEW YORK AT ALBANY, ALBANY, NEW
York 12222




